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$a$ commutative associative algebra $\{$ , $\}$ Poisson bracket(structure)
$\{$ $\}$ : $a\cross aarrow\alpha$ $st\{$ $(ii)\{f,gh\}=g\{f, h\}(i)Liebracket+\{f,g\}h$
for any $f,g,$ $h\in\alpha$
$(\alpha$, {, } $)$ Poisson algebra
Deformation quantization of $(a$ , {, } $)$ .
$M$ $a=C^{\infty}(M)$ $\{$ , $\}$ $a$ Poisson structure
Poisson algebra $(a, \{, \})$ Formal parameter v $a$
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(1) $a[[ \nu]]=\prod_{n\geq 0}\nu^{n}\alpha=a\oplus\nu a\oplus\cdots\oplus\nu^{n}a\oplus\cdots$
Bilinear product $*:a[[v]]\cross a[[\nu||arrow a[[v||$ (1) $a$
(2) $f*g=\pi_{0}(f,g)+v\pi_{1}(f,g)+\cdots+v^{n}\pi_{n}(f,g)+\cdots$ , for any $f,g\in a$ ,
(3) $\pi_{j}$ : $a\cross aarrow\alpha$ $(j=0,1,2, \cdots)$ ; bilinear map
(A.1) $*$ ; associative product,
(A 2) $v^{m}*f=f*v^{m}=v^{m}f$ , $1*f=f*1=f$, $\forall m$ , $\forall f\in\alpha$ ,
(A.3) $\pi_{0}(f,g)=fg$ , $\forall f,g\in\alpha$,
$( A.4)\pi_{1}(f,g)=-\frac{1}{2}\{f,g\}$ , $\forall f,g\in a$ .
Definition 1. (A. $1$ ) $\sim(A.4)$ $*$ Poisson algebra $(\alpha$ , {, } $)$ deformation
quatization $(a[[v]], *)$ $(a$ , {, } $)$ quantized algebra
$(A.1)\sim(A.3)$ deformation quantization $*$ $a=C^{\infty}(M)$
associative
associative deformation quantization
$*$ associative (A. $1$ ) $\sim(A.3)$
(A 4) $\pi_{1}$ $a=C^{\infty}(M)$ bilinear map
$*$ associativity
(4) $[f, [g, h]]+[h, [f,g]]+[g, [h, f]]=0$ ,
(5) $[f,g*h]=g*[f, h]+[f,g]*h$ ,
(6) $f o(goh)-(fog)oh=\frac{1}{4}[g, [h, f]]$ , $\forall f,g,$ $h\in a$ ,
$[f,g]=f*g-g*f$, $f og=\frac{1}{2}\{f*g+g*f\}$ ,
49
$v$
Lemma 2. $\pi_{1}^{-}$ Poisson structure $\pi_{1}^{+}$ HHHochschild 2-coboundary
$\delta\pi_{1}^{+}(f,g, h)=f\pi_{1}^{+}(g, h)-\pi_{1}^{+}(fg, h)+\pi_{1}^{+}(f,gh)-\pi_{1}^{+}(f,g)h=0$ , $\forall f,g,$ $h\in a$
$\pi_{1}^{-},$
$\pi_{1}^{+}$
$\pi_{1}$ skewsymmetric part, symmetric part
$i.e,$ $\pi_{1}^{\pm}(f,g)=\frac{1}{2}(\pi_{1}(f,g)\pm\pi_{1}(g, f))$ , $\forall f,g\in a$ .
symmetric Hochschld 2-coboundary
Proposition 3.([2])
$\delta\pi=0,$ $\pi(f,g)=\pi(g, f),$ $\forall f,g\in\alpha$
$\exists\theta$ ;linear map on $a$ , s.t.
$\pi=\delta\theta,$ $i.e,$ $\pi(f,g)=f\theta(g)-\theta(fg)+\theta(f)g,$ $\forall f,g\in a$ .
(7) $\pi_{1}^{+}=\delta\theta$
$\theta$ linear isomorphism
(8) $T$ : $\alpha[[v]]arrow a[[\nu]]$ $s.t$ . $T(f)=f-v\theta(f)$ , $\forall f\in a$
(9) $\sim*:\alpha[[v]]\cross a[[v]]arrow\alpha[[v]]$ $s.t$ . $f*g\sim=T^{-1}(Tf*Tg)$ , $\forall f,g\in a$
$f*-g=fg+\nu\pi_{1}^{-}(f,g)+O(v^{2})$
$\sim*$ Poisson algebra $(a, -2\pi_{1}^{-})$ deformation quantization
$\bullet$ associative deformation deformation quantization
$\bullet$ deformation quantization (or associative deformation) Poisson al-




associative deformation Poisson algebra
Poisson algebra 1
deformation quantization
Definition 4. Poisson algebra $(a$ , {, } $)$ deformation quantizable
$\Leftrightarrow\pi_{1}=-\frac{1}{2}\{$ , $\}$ deformation quantization*
Question. Poisson algebra $(a$ , {, } $)$ C2 deformation quantizable i) ?
Theorem $S([3], [4])$ . $\{$ , $\}$ symplectic deformation quantizable.
Poisson structure Question
Assciativity and Hochschild coboundary operator
Hochschild coboundary quantized algebra $(\alpha[[v]], *)$
associativity
$a$ p-linear map $\pi$ : $\alpha\cross\cdots\cross aarrow a$ $p+1$-linear map $\delta\pi$
(10) $\delta\pi(f_{1}, f_{2}, \cdots f_{p+1})$
$=f_{1} \pi(f_{2}, \cdots f_{p+1})+\sum_{i=1}^{p}(-1)^{i}\pi(f_{1}, \cdots f_{i}f_{i+1}, \cdots f_{p+1})$
$+(-1)^{p+1}\pi(f_{1}, f_{2}, \cdots f_{p})f_{p+1}$ , $\forall f_{1},$ $\cdots f_{p+1}\in\alpha$
\delta 2=0 \delta Hochschild coboudary
(A.1) $f*(g*h)=(f*g)*h$, $\forall f,g,$ $h\in\alpha$
(11) $\sum_{i+j=n}\pi_{i}(f, \pi_{j}(g, h))=\sum_{i+j=n}\pi_{i}(\pi_{j}(f,g),$ $h$ ), $\forall f,g,$ $h\in a,$ $n=0,1,2,$ $\cdots$
Hochschild coboundary
Lemma 5. $*;associative\Leftrightarrow\delta\pi_{n}=Q_{n},$ $n=0,1,2,$ $\cdots$ ,
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$Q_{n}$ ; 3-1inear maP, s.t. $Q_{0}=Q_{1}=0$ , and for $n\geq 2$ ,
(12) $Q_{n}(f,g, h)=- \sum_{i+jn}\{\pi_{i}(f,\pi_{j}(g, h))-\pi_{i}(\pi_{j}(f,g), h)\}$ , $\forall f,g,$ $h\in\alpha$ .
2. Step by step construction.
$(a$ , {, } $)$ $\pi_{2},$ $\pi_{3},$ $\cdots$ ,
Definition 6. Bilinear product $*:a[[v]]\cross\alpha[[v]]arrow\alpha[[v]]$
$(A.1)_{k}$ $f*(g*h)=(f*g)*h$ $mod \nu^{k+1}$ , $\forall f,g,$ $h\in a$ ,
$(A.2^{\mathfrak{l}})_{k}$ $\{\begin{array}{l}v^{m}*f=f*\nu^{m}=v^{m}fmod\nu^{k+1},\forall m1*f=f*l=fmod\nu^{k+1},\forall f\in a\end{array}$
(A.3) $\pi_{0}(f,g)=fg$ , $\forall f,g\in\alpha$ ,
(A4) $\pi_{1}(f,g)=-\frac{1}{2}\{f,g\}$ , $\forall f,g\in a$ .
$*$ $(a$ , {, } $)$ order $k$ deformation quantization
$(a$ , {, } $)$ order $k$ deformation quantizable
order $k$ deformation quantization or-
der $k+1$ deformation quantization $\pi_{k+1}$
Lemma 5 $(A.1)_{k}$
$(B)_{l}$ $\delta\pi_{l}=Q_{l}$
{l $=0,1,2,$ $\cdots k$ $\delta\{, \}=0(=Q_{1})$
Lemma 7. $(a$ , {, } $)$ order 1 deformation quantizable.
$[A]_{k}$ $(a$ , {, } $)$ order $k$ deformation quantizable.
(13) $\mathcal{A}(f,g, h)=f*(g*h)-(f*g)*h$ , $\forall f,g,$ $h\in a$
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bilinear product $*:a[[v]]\cross a[[\nu]]arrow a[[\nu]]$
(14) $f*\mathcal{A}(g, h, t)-\mathcal{A}(f*g, h,t)+\mathcal{A}(f,g*h,t)$
$-\mathcal{A}(f,g, h*t)+\mathcal{A}(f,g, h)*t=0$ , $\forall f,g,$ $h,$ $t\in a$
$(A.1)_{k}$ A(f, $g,$ $h$ ) $=0mod \nu^{k+1}$ , etc, vk+l
Lemma 8. $\delta Q_{k+1}=0$ .
$Q_{k+1}$ $\pi_{1},$ $\cdots\pi_{k}$
$Q_{k+1}=\delta\pi_{k+1}$ bilinear map $\pi_{k+1}$ $*$ order $k+1$ deforma-
tion quantization
Proposition 9. $*$ order $k+1$ deformation quantization
$\Leftrightarrow Q_{k+}i$ ; Hochschild 3-cocycle, i.e. $\exists\pi$ , s.t. $Q_{k+1}=\delta\pi$ .
Vey, Cahen-Gutt theorem.
Porposition 9 $\pi$ $\delta\pi=Q_{k+1}$ Vey([5]),
Cahen-Gutt([6]) differential
Trilinear map $Q^{d}$ : $\alpha\cross$
.
$\alpha\cross\alphaarrow a$ 3-differential operator component
differential operator $AQ^{d}$ $Q^{d}$ skewsymmetrization
Theorem VCG ([5], [6]). $Q^{d}$ Hochschild coboundary
$AQ^{d}=0\Leftrightarrow\exists\pi^{d}$ , bidifferential operator, s.t. $\delta\pi^{d}=Q^{d}$ .
3-differntial operator \v{c} Propo-
sition 9 Theorem VCG differential operator
Differential deformation quantization
Bilinear product $*^{d}$ : $\alpha[[\nu]]\cross a[[v]]arrow\alpha[[\nu]]$ (A. $1$ ) $\sim(A.4)h^{t’}\supset$
(A.5) $\pi_{j}(j=2,3, \cdots)$ ; bidifferential operators
differential deformation quantization
$Q_{m}$ 3-differential operator Theorem VCG
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Theorem 10. (cf. [7], $P\cdot 163$). $*^{d}$ $(a$ , {, } $)$ order $k$ diffferential deforma-
tion quantization
$*^{d}$ order $k+1$ differential deformation quantization
$\Leftrightarrow AQ_{k+1}=0$ .
3. Main results. (Vey, Cahen-Gutt theorem )







$x_{1},$ $x_{2},$ $\cdots x_{n},$ $\cdots$ $\alpha=(\alpha_{1}, \alpha_{2}, \cdots\alpha_{n}\cdots),$ $(\alpha_{n}\in N)$ ,
$|\alpha|=\alpha_{1}+\cdots+\alpha_{n}+\cdots$ $x^{\alpha}=x_{1}^{\alpha_{1}}x^{\alpha_{2}}\cdots x^{\alpha_{n}}\cdots$ $a$ $x$
: ( $\sum_{finite}$ )
$\alpha=P=\{\sum_{finite}a_{\alpha}x^{\alpha}|a_{\alpha}\in C, |\alpha|<\infty\}$.
$\mathcal{P}_{i}=\{\sum_{fi\dot{m}te}a_{\alpha}x^{\alpha}\in \mathcal{P}|\alpha= (0, \cdots 0, \alpha_{i}, \alpha_{i+1}, \cdot. . )\}$
,
$a=\mathcal{P}_{1}\supset \mathcal{P}_{2}\supset\cdots \mathcal{P}_{n}\supset\cdots$ .
$Q$ : $a\cross a\cross aarrow a$ $a$ 3-1inear map
Thorem OMY ([2]). $Q$ Hochschild coboundary
$AQ=0\Leftrightarrow\exists\pi$ , bilinear map on $a$ , s.t. $\delta\pi=Q$ .
54
$\pi$
(C) $\{\begin{array}{l}\pi^{-}(x_{i},x_{j})=0,(i,j=1,2,\cdots)\pi^{+}(x_{i},f)=0,\forall f\in \mathcal{P}_{i},(i=1,2,\cdots)\end{array}$
Proof. $\pi(x^{\alpha}, x^{\beta})$ $|\alpha+\beta|$ (See [2].)
\S 2 $a=\mathcal{P}$
$a=\mathcal{P}$ $(a$ , {, } $)$ Poisson algebra (2), (3) bilinear product*:
$a[[\nu||\cross\alpha[[\nu||arrow\alpha[[\nu||$ $(a$ , {, } $)$ deformation quantization order $k$
deformation quantization \S 2 $(A.1)\sim(A.4)$
$(A.1)_{k}\sim(A.4)$
Theorem 11 ([2]). $*$ $(\alpha$ , {, } $)$ order $k$ deformation quantization
$*$ order $k+1$ deformation quantization $\Leftrightarrow AQ_{k+1}=0$ .
Examples (cf. [2])
Theorem OMY (C) Poisson algebras deformation quanti-
zability
Ex.l. (linear Poisson structure)
(15) $\{, \}=\sum_{i,j,l}c_{ij}^{l}x_{l}\frac{\partial}{\partial x_{i}}\wedge\frac{\partial}{\partial x_{j}}$ : $\mathcal{P}\cross \mathcal{P}arrow \mathcal{P}$ .
$\alpha=\mathcal{P}$ Poisson structure ( Lie dual space




$\forall f\in \mathcal{P}_{i},(i=1,2, \cdots)(i,j=1,2,\cdots)$
,
$(l=2,3, \cdots k)$ $Q$ skew symmetrization $AQ_{k+1}$
Lemma 12. (cf. [8])
1) $AQ_{k+1}(f,g, h)=$
$\sum_{(j,g,h),cyclicsumi+_{i}j_{j\geq}}\sum_{-,-k_{1}+1}\pi_{i^{-}}(f, \pi_{j^{-}}(g, h))$
, $\forall f,g,$ $h\in a$ .
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2) $AQ_{k+1}$ 3-derivation component






$\sum_{s}c_{q,r}^{s}x_{s}))=0$ , $\forall p,$ $q,$ $r$ .
cyclic sum
Lemma 12 2) $AQ_{k+1}=0$ . Theorem OMY $(C)_{k+1}$
$\pi_{k+1}$ , s.t. $\delta\pi_{k+1}=Q_{k+1}$ linear Poisson algebra
deformation quantizable algebra
$\{\begin{array}{l}x_{i}*x_{j}=x_{i}x_{j}-\frac{\nu}{2}\sum_{s}c_{i}^{s_{j}}x_{s},\forall i,jx_{i_{1}}o(x_{i_{2}}o(\cdots o(x_{i_{n}}of)\cdots)=x_{i_{1}}x_{i_{2}}\cdots x_{i_{n}}f,(i_{1}\leq i_{2}\leq\cdots\leq i_{n})\end{array}$
$\forall f\in \mathcal{P}_{i_{n}}$ ,
( $a ob=\frac{1}{2}(a*b+b*a)$ )
Ex.2. (See [2]). (quadratic Poisson structure)
$a=\mathcal{P}$ quadratic Poisson structure
$\{, \}=\sum_{i,j,p,q}c_{ij}^{pq}x_{p}x_{q}\frac{\partial}{\partial x_{i}}\wedge\frac{\partial}{\partial x_{j}}$ : $\mathcal{P}\cross \mathcal{P}arrow \mathcal{P}$ .
$p,$ $q$ $i,j$
$\sum$ $\sum c_{ut}^{pq}c_{vw}^{tr}=0_{)}$ $(\forall p,$ $q,$ $r,$ $u,$ $v,$ $w)$
$(u,v,w)$ $t$
cyclic sum
Poisson algebra $(a$ , {, } $)$ deformation quantizable quantized
algebra
$\{\begin{array}{l}x_{i}*x_{j}=x_{i}x_{j}-\frac{\nu}{2}\sum_{p,q}c_{ij}^{pq}x_{p}x_{q},\forall i,jx_{i_{1}}o(x_{i_{2}}o(\cdots o(x_{i_{n}}of)\cdots)=x_{i_{1}}x_{i_{2}}\cdots x_{i_{n}}f,(i_{1}\leq i_{2}\leq\cdots\leq i_{n})\end{array}$
$\forall f\in \mathcal{P}_{i_{n}}$ ,
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